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 רחובות, מכון ויצמן, פרופ' סרגיי יעקובנקו:עמית-מנחה
Foliated and Multifoliated Surfaces

ℝ3

A real analytic non-singular surface 𝑆 ⊆
(for instance, the graph of a real analytic
function 𝑧 = 𝑓 (𝑥, 𝑦) over an open domain (𝑥, 𝑦) ∈ 𝐷 ⊆ ℝ2 ) is said to be foliated, if it
is a union of one-parametric families of non- singular pairwise disjoint analytic curves Γ𝑠 (𝑠
being the parameter) locally analytically equivalent to a family of parallel lines on a piece of
the real plane.
We say that 𝑆 is multifoliated, if there are two or more different foliations on 𝑆 by analytic
curves crossing each other transversally (by a nonzero angle).

Methods of the Proof
It is known that regularity results of the specified sort , may well be very delicate.
For instance, the fact that a function analytic in each variable separately is analytic in two
variables jointly, is a very difficult result from the theory of several complex variables. In our
case we assumed from the very beginning this joint analyticity, yet the remaining difficulties
turned out to be quite significant nevertheless.
The proof required development of a general theory of algebraic functions analytically
depending on parameters.
The key lemma states that all Taylor coefficients of such functions are algebraic and belong
to the same algebraic extension field localized for the central value of the parameter.

Example 1:
The graph of an analytic function defined
on the square { 𝑥 < 1, 𝑦 < 1}
is bi-foliated by the analytic curves Γ𝑡′ and
which are graphs of the functions 𝑧 = 𝑓(𝑠, 𝑦)
and 𝑧 = 𝑓(𝑥, 𝑡).

Future Directions and Relationship to Other Problems
The next obvious step is to prove the Conjecture in full generality, which we are now working
on. In the process we discovered some phenomena which constitute unexpected obstructions
to easy solvability of this problem. For instance, a planar foliation by algebraic curves not
always can be rectified by an algebraic plane diffeomorphism: the obstruction lies in the local
holonomy group.

Example 2:
A more general example can be obtained as follows: Consider two real- analytic vector
fields 𝑋, 𝑌 in ( ℝ 3 , 0 ) , nonsingular and linear independent at the origin (i.e., 𝑋 0 ∧ 𝑌 0
≠ 0). If these vector fields commute, 𝑋, 𝑌 = 0, then their flows also commute and admit the
common integral surface 𝑆 passing through the origin. This surface is multifoliated: for any
(α, β)∈ℝ2 the integral curves of the field αX+βY form a foliation of S.

However, the further steps are more ambitious. If instead of regularity we will assume the
finiteness of local intersection degree, then apparently a completely different toolkit should be
applied to see whether the surface bi-foliated (or multi-foliated) by curves of finite local
intersection degree, itself has finite local intersection degree with respect to co-dimension 2
affine subspaces. This general problem could be considered as an intermediate step to the
solution of the Hilbert 16th problem .

General Direction of the Research
The general direction of the research can be formulated as follows: assuming that a
surface is multifoliated by curves of known local regularity, what conclusions can be
made about the regularity of the surface itself?
Such regularity can be :
• A bound on the number of intersection points of the germ of the curve (surface) with a
plane (line).
• In the conditions of example 2, bounds on the degrees of the vector fields (if they’re
rational or polynomial)
• Algebraicity of a curve (the possibility of defining it by polynomial equations) is the
most fundamental and the strongest form of spatial regularity. The following was the
starting point of the research.

A sphere is an algebraic surface of degree 2
that is
multi-foliated by circles – degree 2.
Every algebraic surface is multifoliated by
algebraic curves – for example – the
intersections between the surface and two
families of parallel planes.

A one-sheet hyperboloid multi-foliated by
lines- degree 1 but is itself of degree 2.
Which shows that the degree of the surface
can increase and be larger than the degrees of
the curves which foliate it.

